GENERAL PROOF OF THE INTEGRAL EVALUATION THEOREM

To prove: I""” fafgdt = Ounless the direct product representation {ffy} includes the totaly
space
symmetric irreducible representation as one of the componentsin its direct sum.

The proof will bein two steps:

(0] Show that the integrand fafg can be written as a linear combination of functions,

{gL} which form the bases for the irreducible representations (i = 1, 2, etc.,
k=1to £j) contained in the direct sum for {fxfy}.

2 Show that _[a” ngT = 0 unlessi = totally symmetric irreducible representation.
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STEP 1. The smilarity transform S which takes the direct product matrices into block diagona
form: N

lln

—1£AB §:£1D £2 ... etc.

provides a transformation between the direct product basis { fxfy} and the sets of functions

{g& }, {grzn }, etc. which form bases for the irreducible representations in the direct sum.
Thus

fafa =S (SHaek G+ S (SHagm 02 +etc.
Al k; AB K Yk m; AB,m, Im
or figuratively
fafg = linear combination of [functions of symmetry 1 + functions of symmetry 2 + etc.]
and
: I i L
J’a“ fafgdt = linear comblnatlona‘a” gydt
space space E

for the various basis functions (k's) in the irreducible representations (i’s) in the direct
product.



STEP 2: To prove J’ngr = 0 unlessi isthetotally symmetric irreducible representation.

LEMMA:

h "
; (@)m=hdi s
=

i.e. Thesum of the h components in one of the “GOT” h-tuple vectors is zero unless the
vector corresponds to the totally symmetric irreducible representation.

Proof (easy): Since dl these vectors must be orthogona to T.S. vector (I‘T_S(ﬁ))ll =1for dl
(O):

h h
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A genera point in“al space” will be taken into h equivalent points by the operations 0. Summi ng
these pointsin the integrand of

a”[ Gidr =
space
h . i h ¢ . i ¢ i h .
Ogj dt = (T (0))gmOm dt = Om » (M(O)kmdt =0
"uiiqueJ=1 J’;l m= I mem J’mZ1 mgl I " L.
space” ifi isnotT.S.

Thus the va ues of the integrand at the h symmetry equivalent points will add up to (integrate to)
Zero unless g;( is basis function for totaly symmetric irreducible representation, and we have
proven the integral theorem.

The only “sticky” point remaining is for “non-generd” points in all space, i.e., points lying on
symmetry elements. Herethe h operations will not yield unique pointsin the integrand. For these

points gL =0 or asubset of theh O operations will yield a unique set of points in the integrand
which sumto zero.



