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II. Matrix multiplication:  The product      A          B     =     C     is defined as:

(
A

)
B

AB c% a' b
C

ij ij ik kj
D

k
D= = ∑

Example:

A
E

=






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Problem:  Show that

A B =

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
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N

Problem:
P

  Let

D =




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3
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2
N .  Show that: A D =
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Does it make sense to talk about the matrix product 
Q

     D
R
           A

E
     ?
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III. Matrices do not necessarily commute, i.e., in general      A          B     ≠S      B          A     .T

Problem:
U

  Show that      A
V
      and     B

W
     in II do not commute.

IV. Definition.  The unit matrix:

1
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0
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]

Definition:  The inverse of a matrix     F      is the matrix     F    –1 with the properties     F         F    –1 =     F    –1     F    
=     1

X
    .T

Problem:  Show that if

F
^

= ( )3
_

1
2 4
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`
F

^ − = −
−( )1 4 1

2 3
_. .

. . .T

VI.
]

Definition:  The transpose of a matrix      A      is the matrix Ã  where ( Ã )
a
ij = aji

b .T

VII.
]

Definition:  A unitary matrix      U       is one where  U* =      U     –1.T

An orthogonal matrix c      U       is one where  U  =      U     –1.T

Problem:
U

  Show that
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  is unitary.

VIII. Definition:  The trace of a matrix 
e

     A
V
       is:

trf A = ∑ac ii
i

Problem:
U

  Prove in general that tr(f U *  A
V

 U)
a

tr(f A
V

)
a˜ =  where      U       is a unitary matrix.

Or: show that tr(f U *  F
^

 U)
a

tr(f F
^

)
a˜ =  where     F

^
     is given in Section V and      U      in Section VII

above.c

Note:
g

  These are examples of the more general tr(    B
W
    –1      A

V
          B

W
    ) = tr(

a
     A

V
     ).
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IX. Definitions:  A symmetric matrix,     S
i
    , is one where     S

i
     = S̃

i
.T

A hermetian matrix is one where      H      = ( ˜ *
H ). 

a
 Here ( ˜ *

H )
a
ij = ˜ *

H
ij
.  For matrices containing

only real numbers, the terms j hermetian and symmetric are equivalent.

X. Definitions:  A diagonal matrix     E     has the form:
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XI. Fact:  For every hermetian matrix there exists a unitary matrix which diagonalizes it:
m

˜ *
 U H

h
U E

n
= .  The numbers εk 1, εk 2 ... εk η are the eigenvalueso  of the matrix .T

Problem:
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XII.
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To find the eigenvalues and unitary transformation which diagonalizes a matrix:
�

a.r Ũ      H
h
           U      =     E

n
    

         H
h
           U      =      U          E

n
    

b.
|

Break      U      into the column vectors      U     i.  For each of the column vectors show that:

     H       (     U     )
a
i= (     U     )

a
i ε

k
i = εk i(

�
     U     )

a
i

thus (
f

     H      –      1     εk i) (
a

     U     )
a
i = 0.
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the unitary nature of 
`

     U     ).  
�

     U     i is the eigenvector�  for eigenvalue � εk i.

Example:  Find the eigenvalues and 
�

eigenvectors of o      H
h
     ′ above:

(
�

)
�

(
�

)
�2

d
1

1 2
d 0

Y−
− =εk

εk
= − −
= − +� =

(
�

)
�

2
d

1
4

�
3

_
0

Y
2 2

2
εk

εk εk

εk = ±
�

=4
�

4
�

2 3
_

1  orj so E = ( )3
_

0
Y

0
Y

1

for 
�

εk 1 = 3

(
�
     H      – εk 1    1    )

�
     U     1 =     0

Y
    

2 3
_

1
1 2 3

_ 0
Y11

21
�

−
−( ) 

Z


[ 

 = 
U
U

−
−( ) 

Z


[ 

 =1 1
1 1 0

Y11

22
 

U
U

–U11 + U21 = 0

U11 – U21 = 0

U11 = U21

also r U U11
2

21
� 2 1+� =

so U
�

U
�

11 21
1

2
= =

and r      U     1 = �

2
d


Z


[


\


\








1
2

d

for 
�

εk 2 = 1

1 1
1 1 0

Y12

22
( ) 

Z


[ 

 = 
U
U
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U12 + U22 = 0

U12 = –U22

U U12
2

�
22

� 2
�

1
�

+� =

U U12 22
�1

2
� 1

2
�= = −       

U2

1
2

�

1
2

�
=

−


�


�


�


�


�








thus
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U E
�

=
−


�


�

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
�


�








= ( )
1
2

� 1
2

�

1
2

� 1
2

�

3
�

0
�

0
�

1     

Problem:  Derive the eigenvalues and unitary transformation which diagonalizes

H = 
�


� 


3

�
2

2 2


