
CHEMISTRY 273

PROJECTION OPERATORS
�

T
�

o�  d
�

e� t
�
e� r� m� i

�
n	 e�  t

�
h



e�  sy� m� m� e� t

�
r� y� -ad

�
ap� t

�
e� d

�
 l



i

�
n	 e� ar�  c� o� m� b

�
i

�
n	 at

�
i

�
o� n	 s (SA

�
L

�
C

�
’s) o� f

�
 e� q� u� i

�
v� al



e� n	 t

�
 a.o� .’s f

�
r� o� m�  a

g� i
�
v� e� n	  b

�
asi

�
s se� t

�
, w� e�  h



av� e�  b

�
e� e� n	  se� c� r� e� t

�
l



y�  u� si

�
n	 g�  a si

�
m� p� l



e�  e� x� am� p� l



e�  o� f

�
 a p� r� o� j

�
e� c� t

�
i

�
o� n	  o� p� e� r� at

�
o� r� .  I

�
n	

general, a projection operator is defined by the characteristic property of idempotency:�

(1) ˆ ˆ ˆ   ˆ ˆ00 0 0 02f
�

f
�

= =or�

A p� ro� j
�
e� c� t

�
io� n o� p� e� rat

�
o� r may�  also�  b

�
e�  t

�
ho� u� g� ht

�
 o� f as an o� p� e� rat

�
o� r w� hic� h o� p� e� rat

�
e� s o� n a sp� ac� e�  sp� anne� d

�

by the basis set (
�

f
�
1,..., f

�
n� ) with the following results:

(2) 0̂i
j

�
j

�
ijf

�
f

�
= δ

i.e., t
�
he�  it

�
h p� ro� j

�
e� c� t

�
io� n o� p� e� rat

�
o� r t

�
ake� s fi int

�
o�  it

�
se� lf b

�
u� t

�
 annihilat

�
e� s (t

�
ake� s t

�
o�  ze� ro� ) any�  o� t

�
he� r b

�
asis

function.  Thus if a general function can be expanded in terms of the basis:
�

(3) g c f
�

j
�

j
�

j
�= ∑

we can recover the � i
�
th basis function by application of the projection operator 

�
0̂

! i :

(4) 0̂i
i ig c f

�
=

W
"

e�  c� an	  u� se�  t
�
h



e�  SA

�
L

�
C

�
’s o� f

�
 t

�
h



e�  p� e� r� i

�
n	 ap� h



t

�
h



e� n	 y� l



 c� at

�
i

�
o� n	  as a c� o� n	 c� r� e� t

�
e�  i

�
l



l



u� st

�
r� at

�
i

�
o� n	  o� f

�
 p� r� o� j

�
e� c� t

�
i

�
o� n	

operators.  The three SALC’s obtained from the equivalent a.o.’s � φ1, φ5
#  and φ9

$  are:

′′e %

′′ = + +

= − −

= −

a&

′′ea

2
1

3 1 5 9

1
6 1 5 9

1
2 5 9

2

( )(
'

)
'

( )(
'

)
'

( )(
'

)
'

φ φ φ

φ φ φ

φ φ

1

2

3

4

5

6
7

8

9

10

11

12

13

+



Chemistry 273 Projection Operators – 2

W
(

e)  w* ill d
+

e) mo, nst
-
rat

-
e)  t

-
hat

-
 t

-
he)  p. ro, j

/
e) c0 t

-
io, n o, p. e) rat

-
o, r fo, r a fu1 nc0 t

-
io, n in t

-
he)  it

-
h irre) d

+
u1 c0 ib

2
le)

representation is:

(5)
  

ˆ ( )
3 ˆ ( ( ))

3 ˆ( ) * *P h
4 R R h

4 R Ri i
i

R
5

i
i mm

mR
5= =∑ ∑∑

6 6

χ Γ

Letting 
7 ˆ ( )P

8 i  operate on f
9
s
j

:
the 

-
sth basis function for the 

-
j

/
th irreducible representation, we obtain:

-

(6)

  

ˆ ( ( ))
3 ˆ  

( ( ))
3

( ( ))
3

*

*

P f
;

h
4 R R f

;

h
4 R R f

;

i
s
j

<
i

i mm s
j

<

mR
5

i
i mm j

<
st t

j
<

imR
5

i
=

=

= 
>


?
@ 



=
∑∑

∑∑∑

6

6

A

Γ

Γ Γ

1

Since
  

ˆ ( ( ))
3

R
B

f
;

R
B

f
;

s
j

<
j

<
st t

j
<

i

i
=

=
=
∑ Γ

1

A

Thus:

(7)
  

ˆ ( ( ))
3

( ( ))
3*P

C
f

;
f

;
R

B
R

B
h

4s
j

<
t
j

<
i mm j

<
st

i

Rtm
= ∑∑∑ Γ Γ

6

by the great orthogonality theorem
2

(8) ˆ   P f
;

f
;i

s
j

<
t
j

<
ij ms mt

tm
= ∑∑ δ δ δ

(9) ˆ    P
C

f
;

f
;

f
;i

s
j

<
m
j

<
ij ms s

j
<

m
ij= =∑ δ δ δ

T
D

h
E

u1 s P̂
C

f
;

f
;i

s
i

s
i=  anF d

+
 P̂

C
f

;i
s
j

<
= 0 , i ≠ j

G
 as rH e) qI u1 i

J
rH e) d

+
; anF d

+
 P̂

C i  o, p. e) rH at
-
i

J
nF gK  o, nF  anF yL  f

9
u1 nF c0 t

-
i

J
o, nF  w* i

J
l

M
l

M
 gK i

J
vN e)  u1 s

e) it
-
he) r a fu1 nc0 t

-
io, n w* hic0 h t

-
ransfo, rms as t

-
he)  it

-
h irre) d

+
u1 c0 ib

2
le)  re) p. re) se) nt

-
at

-
io, n o, r w* ill gK ivN e)  u1 s ze) ro,  (if c0 i

in the expansion of the general function g K is zero).

As an e) xamp. le)  o, f t
-
his o, p. e) rat

-
io, n, le) t

-
 u1 s lo, o, k at

-
 t

-
he)  ap. p. lic0 at

-
io, n o, f syL mme) t

-
ryL  p. ro, j

/
e) c0 t

-
io, n o, p. e) rat

-
o, rs

to the 
-

a.o. φ1 (here φ1 is the “general function”).

The a.o. can be written as the following linear combination of SALC’s:

(10) φ1 23
O

3
O

6 3
O

= ( ) ′′ +P ( ) ′′/
Q

/
Q

aR ea



Chemistry 273 Projection Operators – 3
S

T
T

h
U

eV  pW rX oY j
Z
eV c[ t

\
i

]
oY n^  P̂

_ a′′1  = (1/
`
12

a
)

b
 ( Ê
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